Re-linearization and elimination of variables in Boolean equation
systems

Bjgrn Mgller Greve'2  Havard Raddum?  @yvind Ytrehus?

INorwegian Defence Research Establishment

2Simula@UiB

4 September, 2017

F FI Forsvarets
forskningsinstitutt

Norwegian Defence Research Establishment




Introduction previous work Si m u I @J i b

000

Eliminating variables in Boolean equation systems

Re-linearization and elimination of variables in Boolean equation systems | B. Greve, H.Raddum, @.Ytrehus 1/12



Introduction previous work Si mu | @J | b

000

Eliminating variables in Boolean equation systems

Elimination of variables from Boolean functions

e Consider the Boolean ring B[1,n] = Fa[x1,. ..,z /(27 + zili = 1,...,n)

Re-linearization and elimination of variables in Boolean equation systems | B. Greve, H.Raddum, @.Ytrehus 1/12



Introduction previous work Si mu | @J | b

000

Eliminating variables in Boolean equation systems

Elimination of variables from Boolean functions

e Consider the Boolean ring B[1,n] = Fa[x1,. ..,z /(27 + zili = 1,...,n)

fi(z1,...,zn) =0 f{(mg,...,xn):O

fm(acl,..:,mn)zo f:n(a:z,..:,mn):o

Re-linearization and elimination of variables in Boolean equation systems | B. Greve, H.Raddum, @.Ytrehus 1/12



Introduction previous work
000

simula@uib

Eliminating variables in Boolean equation systems

Elimination of variables from Boolean functions

e Consider the Boolean ring B[1,n] = Fa[x1,. ..,z /(27 + zili = 1,...,n)
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fm(z1,...,20) =0 fm(z2,...,2n) =0
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Eliminating variables in Boolean equation systems

Elimination of variables from Boolean functions

e Consider the Boolean ring B[1,n] = Fa[x1,. ..,z /(27 + zili = 1,...,n)

fl(wl,...,a?n)zo f{(mz,...,l‘n)zo

: — .
’
fm(z1,...,20) =0 fm(z2,...,2n) =0
e Eliminate z1 s.th (a1,...,an) solution in left system = (a2, ..., an) is solution
in right system.

Applications to ciphers

e Describe cipher as quadratic Boolean equation system.
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Eliminating variables in Boolean equation systems

Elimination of variables from Boolean functions

e Consider the Boolean ring B[1,n] = Fa[x1,. ..,z /(27 + zili = 1,...,n)

L]
’
fl(wl,...,a?n)zo fl(mz,...,icn)zo
: — :
’
fm(z1,...,20) =0 fm(z2,...,2n) =0
e Eliminate z1 s.th (a1,...,an) solution in left system = (a2, ..., an) is solution

in right system.

Applications to ciphers
e Describe cipher as quadratic Boolean equation system.
e Variables: Secret key K + auxiliary variables (To keep equations simple)

e Is it possible to eliminate auxiliary variables and find some equations in only key
variables?

Re-linearization and elimination of variables in Boolean equation systems | B. Greve, H.Raddum, @.Ytrehus 1/12



Introduction previous work Si m u I @J i b

000

If we are so lucky to find any (low degree) polynomials after elimination
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e Save intermediate systems after each elimination.
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If we are so lucky to find any (low degree) polynomials after elimination

The general method:
e Save intermediate systems after each elimination.

o Brute force possible solutions of final system, lift through intermediate systems
to filter out false solutions.

The block cipher method:

Repeating the process of variable elimination using other known plaintext/ciphertext

pairs and build up a low-degree system of equations in only user-selected key variables
that has K as a unique solution.
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If we are so lucky to find any (low degree) polynomials after elimination

The general method:
e Save intermediate systems after each elimination.

o Brute force possible solutions of final system, lift through intermediate systems
to filter out false solutions.

The block cipher method:

Repeating the process of variable elimination using other known plaintext/ciphertext
pairs and build up a low-degree system of equations in only user-selected key variables
that has K as a unique solution.

v

Re-linearization

Solve by re-linearization if we can generate more linearly independent polynomials (in
some acceptable degree) than there are monomials.
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Elimination algorithm with degree restriction deg(f;) < 3.

"Naive” XL elimination

e Multiply each f; with all monomials respecting degree restriction = New
polynomial set F.

e Gaussian elimination on F' eliminating all monomials containing ;.

Theorem
e GRFY elimination = XL elimination when restricting the degree to < 3.

o In general: Extended GRFY elimination D XL elimination when restricting the
degree to < 3.

o In general extended GRFY elimination introduces less false solutions than the
naive X L method when restricting the degree to < 3.
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Main idea

e Allow more computational complexity when eliminating variables — fixing the
degree at a chosen parameter d > 3.
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Main idea
e Allow more computational complexity when eliminating variables — fixing the
degree at a chosen parameter d > 3.
o " ={polynomials of deg d}, F*~* ={pols. of deg d — 1},..., F* ={linear
polynomials}.

Objective
e Eliminate x1, ..., only computing with polynomials of degree d or less.
o L0 ={1}, L' = {x1,...,2,},..., L" ={monomials of degree i}.
e Bounding degree d — form any product of the form L'F9 = {if,l1 € L, f € F7}
aslongasi+j <d.

e Eliminate variables from the vectorspace
(FCUL'FYU LR 2y U L2 F2U LR,
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more polynomials of degree < i.

e We can try to produce a larger set of polynomials Fi-b@ ph®) by
Gaussian elimination with respect to degree. l.e
Fi-lC pi-b®@  plC L),

Normal forms

e Enable us to eliminate particular monomials containing x1 from each F* using
the lower degree sets F*~!, ... F2 F' as basis.
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FIUL'FYu.. UL 2F?2 U L' F! to eliminate all monomials containing ;.

B. Ordering the monomials with respect to degree
e Foreachi={l...,d}, (FFUL'F'""'U-.-UL2F?U LY 'F') may contain
more polynomials of degree < i.

e We can try to produce a larger set of polynomials Fi-b@ ph®) by
Gaussian elimination with respect to degree. l.e
Fi-lC pi-b®@  plC L),

Normal forms
o Enable us to eliminate particular monomials containing z; from each F* using
the lower degree sets F*~!, ... F2 F' as basis.

e The effect of normalization is that there is a rather large set of monomials
containing x1 that can not appear in each set F* at the end.

Re-linearization and elimination of variables in Boolean equation systems | B. Greve, H.Raddum, @.Ytrehus 5/12



Elimination techniques Si m Ul@.l i b

000

Elimination tools

Re-linearization and elimination of variables in Boolean equation systems | B. Greve, H.Raddum, @.Ytrehus 6/12



Elimination techniques Simul@“b

000

Elimination tools

Resultants

e Given f; = a;x1 +b; € F* and f; = ajx1 + b; € FY satisfying z+y <d+1,
where dega; < z — 1 and degb; < z (resp j)
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e Given f =10 +b € F* satisfying 2i < d+ 1, where dega < i—1 and degb < i.

Re-linearization and elimination of variables in Boolean equation systems | B. Greve, H.Raddum, @.Ytrehus 6/12



Introduction previous work Generalization of Previous work Examples
000

Elimination tools

Resultants

e Given f; = a;x1 +b; € F* and f; = ajx1 + b; € FY satisfying z+y <d+1,
where dega; < z — 1 and degb; < z (resp j)

e We can form the resultant with respect to z;

Res(fi, fj) = aibj + a;jb; = a;f; + a;fi € B[2,n].

e The set of all resultants: Resy™ = {Res(fi, f;)}

Coefficient constraints (GRFY 2017)
e Given f =10 +b € F* satisfying 2i < d+ 1, where dega < i—1 and degb < i.

e We can form the coefficient constraint with respect to =1

(a+1)f =z1a(a+1)+bla+1) =bla+ 1) € B[2,n].

Re-linearization and elimination of variables in Boolean equation systems | B. Greve, H.Raddum, @.Ytrehus 6/12



Introduction previous work Generalization of Previous work Examples
[e]e]e}

Elimination tools

Resultants

e Given f; = a;x1 +b; € F* and f; = ajx1 + b; € FY satisfying z+y <d+1,
where dega; < z — 1 and degb; < z (resp j)

e We can form the resultant with respect to z;

Res(fi, fj) = aibj + a;jb; = a;f; + a;fi € B[2,n].

e The set of all resultants: Resy™ = {Res(fi, f;)}

Coefficient constraints (GRFY 2017)
e Given f =10 +b € F* satisfying 2i < d+ 1, where dega < i—1 and degb < i.

e We can form the coefficient constraint with respect to =1

(a+1)f =z1a(a+1)+bla+1) =bla+1) € B[2,n].

o The set of all coefficient constraints: Co} = {bi(a; +1)}.

Re-linearization and elimination of variables in Boolean equation systems | B. Greve, H.Raddum, @.Ytrehus 6/12



Elimination techniques Si mU|@.I i b

[ele] ]

Extensions of GRFY elimination

Re-linearization and elimination of variables in Boolean equation systems | B. Greve, H.Raddum, @.Ytrehus 7/12



Elimination techniques Simul@jib

00e

Extensions of GRFY elimination

Theorem 1

1. {Resultants + coefficient constraints + Normalization ++} =
(FEUL'FPULPF* 2 U UL FPU L FYY N B2, n).
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Extensions of GRFY elimination

Theorem 1
1. {Resultants + coefficient constraints + Normalization ++} =
(FPUL'FPU LPF2 U U L2 F2 U L FY) N B2, n).
2. If we extend the above construction to include B., we in general have

{Resultants + coefficient constraints + Normalization ++} D
(FCUL'FSYULPF2 U U L2 F2U LS FY N B2, 7).

In general we expect that we can eliminate variables with lower (monomial)
complexity with generalized GRFY framework — avoids multiplying with all variables.
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In general we expect that generalized GRFY elimination introduces less false solutions
than the X L method when restricting the degree < d.
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X2+x3"% 2+ XA L4143+ x4+ X522+ 5% 3 +x6"% 1 +X67X2+X 67X 3+ %6 x4+ X6%%5+X6+x 7 )0 +x7"x 1 +X7

T4x27x14+x24+x3"x2 4+ x4 % L4+ 4" X2+ 24X 3+ x5 XA+ X5 +X6"x2 + X6 %3+ X7 X5 +x7

[L4+X04x3*%2 +X3 434" X2 4X5* X L +X 5% 4 + X5 +X6*X2+XE*X 3+ X6 X5 +XT*X4+X7*X6+X7
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S IE @15)

Limiting degree to max 3, GRFY elimination of z¢, x;

#* Restricting degree to max. 3 #

After eliminotion of X0, 3ot 7 pavynonials:
XSXBX7 + KIX6XT + XZX6XT + XAKSKT + X3xdxT
3+ xIx2 + X7 4 xB + xd + X2 + xl

XaxBxT + x1xbxT + xlxdx] + xdxSx6 + x2xdx6
X2+ X6 + x5 + X3

X3X6XT + X2x6x7 + x3x4x] + X2x4xT + x3xSX6
+x3

X2X6XT + K2x4XT + XZX5KE + X1xSxG + XIxdxE
XIXBXT + x3xdx7 + xEx3x] + x1xBxb + x3Ixdxb
XIXBXE + X3xX6 + x2xIxb + XIxdxS + x2x3x4

x2x4x7

x2x3x6

x2x5%6

x2x4x5

x2x3x6
x5x7 +

+ XLXSX6 + xIKXE + X2XIX6 + XInAXS + XLxAXS + x2S + XDX3XS + XIx2KS + KIXI + X5XB + K36 + X2X6 + xAK5 + XIX5 + xIxd + x2x
+ X1x3x6 + xIx2X6 + xIxdxS + xIx2xd + x1x2x3 + x6x7 + x5xT + x4x7 + xBeT + xIxT + x5x6 + xAx6 + xIxd + x2xd + x2x3 + x1x3 + x1
+ X3XAXS + XEBXAXS + XIXIXS + XIX2XS + x2x3xd + xBXT + x3xT + X2XT + XIxT + Xdx5 + x2x5 + XIX5 + X3xd + x2xd + 23 + xIx2 + X7
+ XLx4xS + xIN2X5 + X2x3xé + X4XT + KT + x2X7 + X266 + k6 + xIxd + 23 + xIx3 + 55 + x4+ x3

- %2+
e TANExE © meE  XameB L e e X XA T A XIXE XS+ XS Mnd + xbxD + K
XZXT + XBX6 + X1x6 + XAXS + XIX5 + X1X3 + XIx2 + ¥5 + ¥3 + x2 + 1

XSXT + x3x6 + X2X6 + xAXS + X3xd + x2x4 + xlxd + X2x3 + XI1x2 + X7 + X5 + x2

After elimination of x1, got 1 polynomials:

X4X5X7 + K2XSXT + X3x4x6 + X2x4X6 + X2x3x6 + X2X4XS + XSXT + x4x7 + X2xT + X3x6 + X4X5 + X2X5 + X7 + X5 + x4 + K2 + 1
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Introduction previous work
[e]e]e}

Generalization of Previous work

Elimination techniques
[e]e]e}

Limiting degree to max 4, General GRFY elimination of g, z1

+x Restricting degree to max.
Aftar elinination of x0, got 14 polynoniale:

XAXEXBXT + X1XBXEXT + X2xdxBXT + X2AXBXT + X1xBxExT + X3Bx4xSxT + ¥IxAxSxT + X2u3x5x] + X1xBx5a7 + xIx2xSxT + xIx3xdx] + xBxdx5x6 + x2xIuSx6 + xLxZXSXE + x2X3xdX6 + X1x2x3X6 + x1
XX+ XIXING ¢ SKONT O] ¢ wXT 1 XRXEXT ¢ XIEXT ¢ G+ XN ¢ XL+ KGN + XKD+ XIXXD ¢ A2XXE + X2XE ¢ XIXNE ¢ XIXEXS ¢ NS + LS+ e
5 + x2x3x4 + XI1x2X3 + X2x7 + X5X6 + X3xB + K2X5 + XT + X5 + X3 + X2

BT+ ANBAEND + ok XAERT + CIAINBRT + XIBAT o AKIKAXT + xIxExbx? + xlxExECT + xBxbeBeS + xxheSxE + xlxdrbxb + xBxAxbxS + xhxExdcS + xixDeIS + BT+ 3t
X7 + x2xdx] + x2x3xT + x2xdx5 + x1xdxS + x1x3x5 + x2x3xd + xLc3xd + xBx7 + x1x7 + x5x6 + xAxB + x2x6 + x1xb + x3xB + x1xB + x2x4 + xIxd + x1x3 + xT + x5 + x3 + x1 +

RS+ LSRN 4+ TARAXEAP ¢ SOAAHINT # TIRANST £ HIDADRT '+ TERERAXE » SEDABRD, + XACNSHS + RIS + AISORINE -+ KISALS 4 NAKIRIN 4 HENEXT + ONGAT & AANEN? + KZASNT +
X1x5x7 + x2x4x7 + x2x3x7 + x3xSx6 + X2xdx6 + x2x3x6 + X1x3x5 + X1X2x5 + x2x3xd + X1x3xd + XLx2x4 + XBx7 + XSX7 + xdx7 + X2x7 + X4x6 + x3x6 + x2x6 + X3x5 + X2x5 + XIx5 + x1xd + X
7+ x6 F xS+ x3 4 x2+ 1

XLXINGKT + xQNINGXT + KIKINEXT + XIXOXEKT + XLARINT ¢ XRAINSR + HINISKE + KIGKAXE + XU0OXHS + XIXBINA + XRUGKT + KDY 4 K1 + KINIKT ¢ RIKSXE 4 WLKSXE + bEKAXE + a2
6+ xIxExb + xIxxG + x2x3x5 + x1x3x5 + 5+ xlxdxd + xIx2xd + x1x2x3 + xdx] + x3xT + x2xT + xxT + x1x6 + xx5 + x3x5 + x2x5 + x2¢h + x1xd + xix3 + xIx2 + x6 + x2 + x1
KIAXBNT 4 XIUXEXT + XIADEXT + XIKANERT o NIXAXSKT + XD + KIKIKERT + XIXKERT + XIXDAXT + WIXBOKT 5 XOANSNE + XIIXEAE + XLX2AXD 4 XEXHAXS + WAXIAE + KLKIXAKS + X1
X2x3x4 + x4X6XT + X1x6x7 + XZx5X] + X3xAxT + X2xAx7 + x1xéx7 + x2x3x7 + X4X5X6 + XZx4x6 + X2x3x6 + x1x3x6 + X1x2x6 + X2x4x5 + X2x3x4 + X1x2x3 + xXBX7 + X5x7 + X5X6 + x3x6 + X2x6 +
X1x6 + X3x5 + x2x4 + X7 + x5 + x3 + 1

X2XAXEXT + X1XINGKT + K1X2XOKT + X1x3XAXT + X1x2X4KT + X3x4XSK6 + X2XAXIKE + XIAKSXE + X2xIs5K6 + XIXZKSKE + x1xIx4X6 + XLx2K3X6 + X2xIXAKS + KSKGX] + XANEKT + XIKEXT + X2K6XT +
X1xBxT + xdx5xT + x3xdxT + xBxdx] + xlxdx] + xIx3xT + x1x2xT + xdxBxb + x2x5xB + xLxSxb + x3xdxb + x2xdxb + x1x2xb + x2xdx5 + xlxdx5 + x2x3x5 + xlx3x5 + x1x2x5 + x2x3xd + x1x3xd
+ XIx2xh + X6XT + x5x7 + xAxT + x3xT + X2x7 + ¥IxT + X5X6 + Xéx6 + x3x6 + XIXB + XAXS + X2x5 + ¥1xd + x1x3 + XIx2 + X7 + %5 + x3 + %2 + x1 + 1

XLXAXBXT + X2x3XEXT + XIx3XBXT + X1x2XBXT + XBxxSxT + XLx4xSxT + x2x3x5x7 + xDLa3xSx] + XTxBxdx7 + xIxDedx7 + XIxAXBXE + x2x3x5X6 + XLx2Sx6 + xLxZx4x6 + xLx2x3X6 + XDudxdx5 + x1
X3xdX5 + X1X2X3x@ + X5X6XT + XZX6XT + X4xSXT + X2xSx7 + X3xAXT + X1X3xT + x1x2x7 + X3X5XB + XLx5X6 + x3x4x6 + x2x3x6 + X1x3x6 + x2xdx5 + X1x3x5 + x1x2X5 + xLx2xd + XIXZX3 + X6XT
+ X3x7 + X1X6 + X4x5 + X3x5 + x3x4 + x2x4 + x2x3 + KIx2 + x4

ARXEXT 3 XEXGRT 4 KAXERT + IaSx7 b budad + xiudxd + xlxixd o XBOKT o XARSKE + X 4 XX + x3xhG + xExbaE + 226  xIxIxG + IS + xS + xS
+ x1x2x8 + x1x2x3 + x6xT + xAxT + x3Ix? + x2xT + xIxT + x3Ix6 + x4x5 + x3xG + xIx5 + xIxd + x3 + x2 +

XXEXT & XIX6NT 4 UGN & XTI DO GG - XIXEE ¢ XXX ¢ XXX 4 X6 XLxS + 32205 + XIS + K12 4 DA + ] 3 X4K7 + K327 5 22KT + 2588 +
X236 + X1x5 + x2x3 + X1X2 + X7 + X6 + x4 + x3 + x1 +

Xa  HAKSET 3 XEKINT  HIXGHS 3 XN 4 HIXANS . XIXEXS + R3XT + XIMT + XIx7 + XAD + N2RG # XI5 % KIRé + 2k + AIKB » KT 4 K3+ %64 KL+ 1
X2x6xT + x2x4xT + x2x5x6 + xIxSE + x3ndx6 + x2x4x5 + xlxdxS + x1x2x5 + x2x3xd + xdxT + x3Ix7 + x2x7 + x2x6 + x1xB + xlxd + 5263 + x1x3 + x5 + x4 + x3 + x2 + 1

X1xBxT + x3xdxT + x2x3xT + xIxbxb + xIxdx6 + x2x3xb + xIxdxB + x1xdxs + x2x3x5 + xLxdxs + xLx2x5 + xBx7 + x5x7 + xhx] + x3xT + xdx6 + xlxb + xdxS + x2x5 + xlxd + xIx2 + x1
X1XBXB + x3x4X6 + X23x6 + XLxbXS + x2u3xd + XBxT + X2xT + 5xB + ¥Ix6 + x4x5 + XDL¥S + x1u3 + x1x2 + X5 + x3 + x2 + 1

XSXT + X3x6 + X2X6 + X4XS5 + x3xd + X2xG + X1x4 + X2x3 + XIx2 + X7 + X5 + x2 + 1

After elimination of x1, got 4 polynomials:

KAXSXEXT + X2XSXGXT + X2x4SKT + XIXAXSKG + X2X4XSKG + X2xINSKG + K2XIndKS + XSKGXT + XAXEXT + X2X6XT + XIXSKT + KIKAXT + XZNIX] + x4xSXG + X2XSKE + K2XAXS + X6XT + xSk + XIxT +
x2x7 + x5x6 + xAx6 + x3Ix6 + x4x5 + x3xB + x2xB + xT + x 5+ x

KINNEXT + XIxANSKT + X3IxdXSxB + XSKEXT + XAX6XT + k2X5X] + XIxAXT + wIXGXE + X2xAkb + IXAXS + X2XAXS + x2x3x4 + XSxT + w2k + xAX5 + XI5 + x2x5 + x3xd + x2x3 + X7 + X6 + %5 +
X2+

X2XSXEXT + X2X4XEXT + X2X3XBXT + XIXAXSKT + XZXAXSXT + X2Zx4XSX6 + X2x3XSK6 + X2x3Ix4XE + XZxIx4XS + X2XBXT + X3xSXT + X3Ix4x7 + x2xdxB + XIx4XS + x2x4X5 + X2x3x5 + x2x3xé + x4xT +
XIXT + K2XT + X3XS + X3Ixd + K2x4 + X2X3 + XT + X3 +
XAxBxT + x2x5xT + x3xdxb + xExbxb + x2x3x6 + x2xdx5 + x5xT + xdx? + x2x7 + x3In6 + xhx5 + x2x5 + x7 + x5 + x4 + x2 + 1

A
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Introduction previous work
[e]e]e}

Generalization of Previous work

Elimination techniques
[e]e]e}

Limiting degree to max 4, General GRFY elimination of g, z1

+x Restricting degree to max.
Aftar elinination of x0, got 14 polynoniale:

XAXEXBXT + X1XBXEXT + X2xdxBXT + X2AXBXT + X1xBxExT + X3Bx4xSxT + ¥IxAxSxT + X2u3x5x] + X1xBx5a7 + xIx2xSxT + xIx3xdx] + xBxdx5x6 + x2xIuSx6 + xLxZXSXE + x2X3xdX6 + X1x2x3X6 + x1
XX+ XIXING ¢ SKONT O] ¢ wXT 1 XRXEXT ¢ XIEXT ¢ G+ XN ¢ XL+ KGN + XKD+ XIXXD ¢ A2XXE + X2XE ¢ XIXNE ¢ XIXEXS ¢ NS + LS+ e
5 + x2x3x4 + XI1x2X3 + X2x7 + X5X6 + X3xB + K2X5 + XT + X5 + X3 + X2

BT+ ANBAEND + ok XAERT + CIAINBRT + XIBAT o AKIKAXT + xIxExbx? + xlxExECT + xBxbeBeS + xxheSxE + xlxdrbxb + xBxAxbxS + xhxExdcS + xixDeIS + BT+ 3t
X7 + x2xdx] + x2x3xT + x2xdx5 + x1xdxS + x1x3x5 + x2x3xd + xLc3xd + xBx7 + x1x7 + x5x6 + xAxB + x2x6 + x1xb + x3xB + x1xB + x2x4 + xIxd + x1x3 + xT + x5 + x3 + x1 +

RS+ LSRN 4+ TARAXEAP ¢ SOAAHINT # TIRANST £ HIDADRT '+ TERERAXE » SEDABRD, + XACNSHS + RIS + AISORINE -+ KISALS 4 NAKIRIN 4 HENEXT + ONGAT & AANEN? + KZASNT +
X1x5x7 + x2x4x7 + x2x3x7 + x3xSx6 + X2xdx6 + x2x3x6 + X1x3x5 + X1X2x5 + x2x3xd + X1x3xd + XLx2x4 + XBx7 + XSX7 + xdx7 + X2x7 + X4x6 + x3x6 + x2x6 + X3x5 + X2x5 + XIx5 + x1xd + X
7+ x6 F xS+ x3 4 x2+ 1

XLXINGKT + xQNINGXT + KIKINEXT + XIXOXEKT + XLARINT ¢ XRAINSR + HINISKE + KIGKAXE + XU0OXHS + XIXBINA + XRUGKT + KDY 4 K1 + KINIKT ¢ RIKSXE 4 WLKSXE + bEKAXE + a2
6+ xIxExb + xIxxG + x2x3x5 + x1x3x5 + 5+ xlxdxd + xIx2xd + x1x2x3 + xdxT + x3xT + x2xT + xxT + x1x6 + xx5 + x3x5 + x2x5 + x2¢h + xlxd + xix3 + xIx,

KNI 4 XIAXEXT + XIADEXT + XIRANERT + KIXANSKT + KBNS + KINIXRT + KIIKAKT + XX2bXT

X2x3x4 + xAX6XT + X1x6X7 + XZXSXT + X3xdxT + X2xAx7T + X1xéx7 + x2x3x7 + X4X5X6 + XZX4X6 + X2x3XE
X1x6 + X3x5 + x2x4 + X7 + x5 + x3 + 1

2+ ox6 o+ X2+ xl
+ XIx2x3X] + x3wAXSXE + XLxAKSX6 + xIxZxéxb + x2x3x4xX5 + X1x3xAX5 + XIX2X4X5 + xL
+ X1x3X6 + X1X2xB + X2xdX5 + X2x3xd + X1x2X3 + XBX] + XSx7 + X5XB + X3x6 + X2x6 +

X2XAXEXT + X1XINGKT + K1X2XOKT + X1x3XAXT + X1x2X4KT + X3x4XSK6 + X2XAXIKE + XIAKSXE + X2xIs5K6 + XIXZKSKE + x1xIx4X6 + XLx2K3X6 + X2xIXAKS + KSKGX] + XANEKT + XIKEXT + X2K6XT +
X1xBxT + xdx5xT + x3xdxT + xBxdx] + xlxdx] + xIx3xT + x1x2xT + xdxBxb + x2x5xB + xLxSxb + x3xdxb + x2xdxb + x1x2xb + x2xdx5 + xlxdx5 + x2x3x5 + xlx3x5 + x1x2x5 + x2x3xd + x1x3xd
+ XIx2xh + X6XT + x5x7 + xAxT + x3xT + X2x7 + ¥IxT + X5X6 + Xéx6 + x3x6 + XIXB + XAXS + X2x5 + ¥1xd + x1x3 + XIx2 + X7 + %5 + x3 + %2 + x1 + 1
XLXAXBXT + X2x3XEXT + XIx3XBXT + X1x2XBXT + XBxxSxT + XLx4xSxT + x2x3x5x7 + xDLa3xSx] + XTxBxdx7 + xIxDedx7 + XIxAXBXE + x2x3x5X6 + XLx2Sx6 + xLxZx4x6 + xLx2x3X6 + XDudxdx5 + x1
X3xdX5 + X1X2X3x@ + X5X6XT + XZX6XT + X4xSXT + X2xSx7 + X3xAXT + X1X3xT + x1x2x7 + X3X5XB + XLx5X6 + x3x4x6 + x2x3x6 + X1x3x6 + x2xdx5 + X1x3x5 + x1x2X5 + xLx2xd + XIXZX3 + X6XT
+ X3x7 + X1X6 + X4x5 + X3x5 + x3x4 + x2x4 + x2x3 + KIx2 + x4

ARXEXT 3 XEXGRT 4 KAXERT + IaSx7 b budad + xiudxd + xlxixd o XBOKT o XARSKE + X 4 XX + x3xhG + xExbaE + 226  xIxIxG + IS + xS + xS
+ x1x2x8 + x1x2x3 + x6xT + xAxT + x3Ix? + x2xT + xIxT + x3Ix6 + x4x5 + x3xG + xIx5 + xIxd + x3 + x2 +
XXEXT & XIX6NT 4 UGN & XTI DO GG - XIXEE ¢ XXX ¢ XXX 4 X6 XLxS + 32205 + XIS + K12 4 DA + ] 3 X4K7 + K327 5 22KT + 2588 +
X236 + X1x5 + x2x3 + X1X2 + XT + X6 + x4 + x3 + x1
Xa  HAKSET 3 XEKINT  HIXGHS 3 XN 4 HIXANS . XIXEXS + R3XT + XIMT + XIx7 + XAD + N2RG # XI5 % KIRé + 2k + AIKB » KT 4 K3+ %64 KL+ 1
X2x6xT + x2x4xT + x2x5x6 + xIxSE + x3ndx6 + x2x4x5 + xlxdxS + x1x2x5 + x2x3xd + xdxT + x3Ix7 + x2x7 + x2x6 + x1xB + xlxd + 5263 + x1x3 + x5 + x4 + x3 + x2 + 1
X1xBxT + x3xdxT + x2x3xT + xIxbxb + xIxdx6 + x2x3xb + xIxdxB + x1xdxs + x2x3x5 + xLxdxs + xLx2x5 + xBx7 + x5x7 + xhx] + x3xT + xdx6 + xlxb + xdxS + x2x5 + xlxd + xIx2 + x1
X1XBXB + x3x4X6 + X2u3x6 + XLxbXS + x2u3xd + XBxT + X2xT + 5xB + XIx6 + x4xX5 + XLkS + XIx3 + X1X2 + X5 + X3 + x2
XSXT + X3x6 + X2X6 + X4XS5 + x3xd + X2xG + X1x4 + X2x3 + XIx2 + X7 + X5 + x2 + 1
After elimination of x1, got 4 polynomia

KAXSXEXT + X2XSXGXT + X2x4SKT + XIXAXSKG + X2X4XSKG + X2xINSKG + K2XIndKS + XSKGXT + XAXEXT + X2X6XT + XIXSKT + KIKAXT + XZNIX] + x4xSXG + X2XSKE + K2XAXS + X6XT + xSk + XIxT +
x2x7 + x5x6 + xAx6 + x3x6 + xéx5 + x3xB + x2xB + xT

KINNEXT + XIxANSKT + X3IxdXSxB + XSKEXT + XAX6XT + k2X5X] + XIxAXT + wIXGXE + X2xAkb + IXAXS + X2XAXS + x2x3x4 + XSxT + w2k + xAX5 + XI5 + x2x5 + x3xd + x2x3 + X7 + X6 + %5 +
X2+

X2XSXEXT + X2X4XEXT + X2X3XBXT + XIXAXSKT + XZXAXSXT + X2Zx4XSX6 + X2x3XSK6 + X2x3Ix4XE + XZxIx4XS + X2XBXT + X3xSXT + X3Ix4x7 + x2xdxB + XIx4XS + x2x4X5 + X2x3x5 + x2x3xé + x4xT +
XIXT + K2XT + X3XS + X3Ixd + K2x4 + X2X3 + XT + X3 +
XAxBxT + x2x5xT + x3xdxb + xExbxb + x2x3x6 + x2xdx5 + x5xT + xdx? + x2x7 + x3In6 + xhx5 + x2x5 + x7 + x5 + x4 + x2 + 1

v

Increasing degree to max 5, General GRFY elimination of zq, 21
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Introduction previous work
[e]e]e}

Generalization of Previous work

Elimination techniques
[e]e]e}

Limiting degree to max 4, General GRFY elimination of g, z1

+x Restricting degree to max.
Aftar elinination of x0, got 14 polynoniale:

XAXEXBXT + X1XBXEXT + X2xdxBXT + X2AXBXT + X1xBxExT + X3Bx4xSxT + ¥IxAxSxT + X2u3x5x] + X1xBx5a7 + xIx2xSxT + xIx3xdx] + xBxdx5x6 + x2xIuSx6 + xLxZXSXE + x2X3xdX6 + X1x2x3X6 + x1
XX+ XIXING ¢ SKONT O] ¢ wXT 1 XRXEXT ¢ XIEXT ¢ G+ XN ¢ XL+ KGN + XKD+ XIXXD ¢ A2XXE + X2XE ¢ XIXNE ¢ XIXEXS ¢ NS + LS+ e
5 + x2x3x4 + XI1x2X3 + X2x7 + X5X6 + X3xB + K2X5 + XT + X5 + X3 + X2

BT+ ANBAEND + ok XAERT + CIAINBRT + XIBAT o AKIKAXT + xIxExbx? + xlxExECT + xBxbeBeS + xxheSxE + xlxdrbxb + xBxAxbxS + xhxExdcS + xixDeIS + BT+ 3t
X7 + x2xdx] + x2x3xT + x2xdx5 + x1xdxS + x1x3x5 + x2x3xd + xLc3xd + xBx7 + x1x7 + x5x6 + xAxB + x2x6 + x1xb + x3xB + x1xB + x2x4 + xIxd + x1x3 + xT + x5 + x3 + x1 +

RS+ LSRN 4+ TARAXEAP ¢ SOAAHINT # TIRANST £ HIDADRT '+ TERERAXE » SEDABRD, + XACNSHS + RIS + AISORINE -+ KISALS 4 NAKIRIN 4 HENEXT + ONGAT & AANEN? + KZASNT +
X1x5x7 + x2x4x7 + x2x3x7 + x3xSx6 + X2xdx6 + x2x3x6 + X1x3x5 + X1X2x5 + x2x3xd + X1x3xd + XLx2x4 + XBx7 + XSX7 + xdx7 + X2x7 + X4x6 + x3x6 + x2x6 + X3x5 + X2x5 + XIx5 + x1xd + X
7+ x6 F xS+ x3 4 x2+ 1

XLXINGKT + xQNINGXT + KIKINEXT + XIXOXEKT + XLARINT ¢ XRAINSR + HINISKE + KIGKAXE + XU0OXHS + XIXBINA + XRUGKT + KDY 4 K1 + KINIKT ¢ RIKSXE 4 WLKSXE + bEKAXE + a2
6+ xIxExb + xIxxG + x2x3x5 + x1x3x5 + 5+ xlxdxd + xIx2xd + x1x2x3 + xdx] + x3xT + x2xT + xxT + x1x6 + xx5 + x3x5 + x2x5 + x2¢h + x1xd + xix3 + xIx2 + x6 + x2 + x1
KIAXBNT 4 XIUXEXT + XIADEXT + XIKANERT o NIXAXSKT + XD + KIKIKERT + XIXKERT + XIXDAXT + WIXBOKT 5 XOANSNE + XIIXEAE + XLX2AXD 4 XEXHAXS + WAXIAE + KLKIXAKS + X1
X2x3x4 + x4X6XT + X1x6x7 + XZx5X] + X3xAxT + X2xAx7 + x1xéx7 + x2x3x7 + X4X5X6 + XZx4x6 + X2x3x6 + x1x3x6 + X1x2x6 + X2x4x5 + X2x3x4 + X1x2x3 + xXBX7 + X5x7 + X5X6 + x3x6 + X2x6 +
X1x6 + X3x5 + x2x4 + X7 + x5 + x3 + 1

X2XAXEXT + X1XINGKT + K1X2XOKT + X1x3XAXT + X1x2X4KT + X3x4XSK6 + X2XAXIKE + XIAKSXE + X2xIs5K6 + XIXZKSKE + x1xIx4X6 + XLx2K3X6 + X2xIXAKS + KSKGX] + XANEKT + XIKEXT + X2K6XT +
X1xBxT + xdx5xT + x3xdxT + xBxdx] + xlxdx] + xIx3xT + x1x2xT + xdxBxb + x2x5xB + xLxSxb + x3xdxb + x2xdxb + x1x2xb + x2xdx5 + xlxdx5 + x2x3x5 + xlx3x5 + x1x2x5 + x2x3xd + x1x3xd
+ XIx2xh + X6XT + x5x7 + xAxT + x3xT + X2x7 + ¥IxT + X5X6 + Xéx6 + x3x6 + XIXB + XAXS + X2x5 + ¥1xd + x1x3 + XIx2 + X7 + %5 + x3 + %2 + x1 + 1

XLXAXBXT + X2x3XEXT + XIx3XBXT + X1x2XBXT + XBxxSxT + XLx4xSxT + x2x3x5x7 + xDLa3xSx] + XTxBxdx7 + xIxDedx7 + XIxAXBXE + x2x3x5X6 + XLx2Sx6 + xLxZx4x6 + xLx2x3X6 + XDudxdx5 + x1
X3xdX5 + X1X2X3x@ + X5X6XT + XZX6XT + X4xSXT + X2xSx7 + X3xAXT + X1X3xT + x1x2x7 + X3X5XB + XLx5X6 + x3x4x6 + x2x3x6 + X1x3x6 + x2xdx5 + X1x3x5 + x1x2X5 + xLx2xd + XIXZX3 + X6XT
+ X3x7 + X1X6 + X4x5 + X3x5 + x3x4 + x2x4 + x2x3 + KIx2 + x4

x:
ARXEXT 3 XEXGRT 4 KAXERT + IaSx7 b budad + xiudxd + xlxixd o XBOKT o XARSKE + X 4 XX + x3xhG + xExbaE + 226  xIxIxG + IS + xS + xS
+ x1x2x8 + x1x2x3 + x6xT + xAxT + x3Ix? + x2xT + xIxT + x3Ix6 + x4x5 + x3xG + xIx5 + xIxd + x3 + x2 +
XXEXT & XIX6NT 4 UGN & XTI DO GG - XIXEE ¢ XXX ¢ XXX 4 X6 xS + xaxas +
X236 + X1x5 + x2x3 + X1X2 + XT + X6 + x4 + x3 + x1
Xa  HAKSET 3 XEKINT  HIXGHS 3 XN 4 HIXANS . XIXEXS + R3XT + XIMT + XIx7 + XAD + N2RG # XI5 % KIRé + 2k + AIKB » KT 4 K3+ %64 KL+ 1
X2x6xT + x2x4xT + x2x5x6 + xIxSE + x3ndx6 + x2x4x5 + xlxdxS + x1x2x5 + x2x3xd + xdxT + x3Ix7 + x2x7 + x2x6 + x1xB + xlxd + 5263 + x1x3 + x5 + x4 + x3 + x2 + 1
X1xBxT + x3xdxT + x2x3xT + xIxbxb + xIxdx6 + x2x3xb + xIxdxB + x1xdxs + x2x3x5 + xLxdxs + xLx2x5 + xBx7 + x5x7 + xhx] + x3xT + xdx6 + xlxb + xdxS + x2x5 + xlxd + xIx2 + x1
X1XBXB + x3x4X6 + X23x6 + XLxbXS + x2u3xd + XBxT + X2xT + 5xB + ¥Ix6 + x4x5 + XDL¥S + x1u3 + x1x2 + X5 + x3 + x2 + 1
XSXT + X3x6 + X2X6 + X4XS5 + x3xd + X2xG + X1x4 + X2x3 + XIx2 + X7 + X5 + x2 + 1
After elimination of x1, got 4 polynomia

X132X5 + x1x2x4 + XLa2X3 + XBXT + xau7 + ¥3xT + X2xT + XSx6 +

KAXSXEXT + X2XSXGXT + X2x4SKT + XIXAXSKG + X2X4XSKG + X2xINSKG + K2XIndKS + XSKGXT + XAXEXT + X2X6XT + XIXSKT + KIKAXT + XZNIX] + x4xSXG + X2XSKE + K2XAXS + X6XT + xSk + XIxT +
x2x7 + x5x6 + xAx6 + x3x6 + xéx5 + x3xB + x2xB + xT

KINNEXT + XIxANSKT + X3IxdXSxB + XSKEXT + XAX6XT + k2X5X] + XIxAXT + wIXGXE + X2xAkb + IXAXS + X2XAXS + x2x3x4 + XSxT + w2k + xAX5 + XI5 + x2x5 + x3xd + x2x3 + X7 + X6 + %5 +
X2+ 1

X2XSXEXT + X2X4XEXT + X2X3XBXT + XIXAXSKT + XZXAXSXT + X2Zx4XSX6 + X2x3XSK6 + X2x3Ix4XE + XZxIx4XS + X2XBXT + X3xSXT + X3Ix4x7 + x2xdxB + XIx4XS + x2x4X5 + X2x3x5 + x2x3xé + x4xT +
XIXT + K2XT + X3XS + X3Ixd + K2x4 + X2X3 + XT + X3 +
XAxBxT + x2x5xT + x3xdxb + xExbxb + x2x3x6 + x2xdx5 + x5xT + xdx? + x2x7 + x3In6 + xhx5 + x2x5 + x7 + x5 + x4 + x2 + 1

v

Increasing degree to max 5, General GRFY elimination of zq, 21

e Eliminating x¢ gives same 14 polynomials as over.
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Limiting degree to max 4, General GRFY elimination of g, z1

+x Restricting degree to max.
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5 + x2x3x4 + XI1x2X3 + X2x7 + X5X6 + X3xB + K2X5 + XT + X5 + X3 + X2
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X7 + x2xdx] + x2x3xT + x2xdx5 + x1xdxS + x1x3x5 + x2x3xd + xLc3xd + xBx7 + x1x7 + x5x6 + xAxB + x2x6 + x1xb + x3xB + x1xB + x2x4 + xIxd + x1x3 + xT + x5 + x3 + x1 +

RS+ LSRN 4+ TARAXEAP ¢ SOAAHINT # TIRANST £ HIDADRT '+ TERERAXE » SEDABRD, + XACNSHS + RIS + AISORINE -+ KISALS 4 NAKIRIN 4 HENEXT + ONGAT & AANEN? + KZASNT +
X1x5x7 + x2x4x7 + x2x3x7 + x3xSx6 + X2xdx6 + x2x3x6 + X1x3x5 + X1X2x5 + x2x3xd + X1x3xd + XLx2x4 + XBx7 + XSX7 + xdx7 + X2x7 + X4x6 + x3x6 + x2x6 + X3x5 + X2x5 + XIx5 + x1xd + X
7+ x6 F xS+ x3 4 x2+ 1

XLXINGKT + xQNINGXT + KIKINEXT + XIXOXEKT + XLARINT ¢ XRAINSR + HINISKE + KIGKAXE + XU0OXHS + XIXBINA + XRUGKT + KDY 4 K1 + KINIKT ¢ RIKSXE 4 WLKSXE + bEKAXE + a2
6+ xIxExb + xIxxG + x2x3x5 + x1x3x5 + 5+ xlxdxd + xIx2xd + x1x2x3 + xdx] + x3xT + x2xT + xxT + x1x6 + xx5 + x3x5 + x2x5 + x2¢h + x1xd + xix3 + xIx2 + x6 + x2 + x1
KIAXBNT 4 XIUXEXT + XIADEXT + XIKANERT o NIXAXSKT + XD + KIKIKERT + XIXKERT + XIXDAXT + WIXBOKT 5 XOANSNE + XIIXEAE + XLX2AXD 4 XEXHAXS + WAXIAE + KLKIXAKS + X1
X2x3x4 + x4X6XT + X1x6x7 + XZx5X] + X3xAxT + X2xAx7 + x1xéx7 + x2x3x7 + X4X5X6 + XZx4x6 + X2x3x6 + x1x3x6 + X1x2x6 + X2x4x5 + X2x3x4 + X1x2x3 + xXBX7 + X5x7 + X5X6 + x3x6 + X2x6 +
X1x6 + X3x5 + x2x4 + X7 + x5 + x3 + 1

X2XAXEXT + X1XINGKT + K1X2XOKT + X1x3XAXT + X1x2X4KT + X3x4XSK6 + X2XAXIKE + XIAKSXE + X2xIs5K6 + XIXZKSKE + x1xIx4X6 + XLx2K3X6 + X2xIXAKS + KSKGX] + XANEKT + XIKEXT + X2K6XT +
X1xBxT + xdx5xT + x3xdxT + xBxdx] + xlxdx] + xIx3xT + x1x2xT + xdxBxb + x2x5xB + xLxSxb + x3xdxb + x2xdxb + x1x2xb + x2xdx5 + xlxdx5 + x2x3x5 + xlx3x5 + x1x2x5 + x2x3xd + x1x3xd
+ XIx2xh + X6XT + x5x7 + xAxT + x3xT + X2x7 + ¥IxT + X5X6 + Xéx6 + x3x6 + XIXB + XAXS + X2x5 + ¥1xd + x1x3 + XIx2 + X7 + %5 + x3 + %2 + x1 + 1

XLXAXBXT + X2x3XEXT + XIx3XBXT + X1x2XBXT + XBxxSxT + XLx4xSxT + x2x3x5x7 + xDLa3xSx] + XTxBxdx7 + xIxDedx7 + XIxAXBXE + x2x3x5X6 + XLx2Sx6 + xLxZx4x6 + xLx2x3X6 + XDudxdx5 + x1
X3xdX5 + X1X2X3x@ + X5X6XT + XZX6XT + X4xSXT + X2xSx7 + X3xAXT + X1X3xT + x1x2x7 + X3X5XB + XLx5X6 + x3x4x6 + x2x3x6 + X1x3x6 + x2xdx5 + X1x3x5 + x1x2X5 + xLx2xd + XIXZX3 + X6XT
+ X3x7 + X1X6 + X4x5 + X3x5 + x3x4 + x2x4 + x2x3 + KIx2 + x4

x:
ARXEXT 3 XEXGRT 4 KAXERT + IaSx7 b budad + xiudxd + xlxixd o XBOKT o XARSKE + X 4 XX + x3xhG + xExbaE + 226  xIxIxG + IS + xS + xS
+ x1x2x8 + x1x2x3 + x6xT + xAxT + x3Ix? + x2xT + xIxT + x3Ix6 + x4x5 + x3xG + xIx5 + xIxd + x3 + x2 +
XXEXT & XIX6NT 4 UGN & XTI DO GG - XIXEE ¢ XXX ¢ XXX 4 X6 xS + xaxas +
X236 + X1x5 + x2x3 + X1X2 + XT + X6 + x4 + x3 + x1
Xa  HAKSET 3 XEKINT  HIXGHS 3 XN 4 HIXANS . XIXEXS + R3XT + XIMT + XIx7 + XAD + N2RG # XI5 % KIRé + 2k + AIKB » KT 4 K3+ %64 KL+ 1
X2x6xT + x2x4xT + x2x5x6 + xIxSE + x3ndx6 + x2x4x5 + xlxdxS + x1x2x5 + x2x3xd + xdxT + x3Ix7 + x2x7 + x2x6 + x1xB + xlxd + 5263 + x1x3 + x5 + x4 + x3 + x2 + 1
X1xBxT + x3xdxT + x2x3xT + xIxbxb + xIxdx6 + x2x3xb + xIxdxB + x1xdxs + x2x3x5 + xLxdxs + xLx2x5 + xBx7 + x5x7 + xhx] + x3xT + xdx6 + xlxb + xdxS + x2x5 + xlxd + xIx2 + x1
X1XBXB + x3x4X6 + X23x6 + XLxbXS + x2u3xd + XBxT + X2xT + 5xB + ¥Ix6 + x4x5 + XDL¥S + x1u3 + x1x2 + X5 + x3 + x2 + 1
XSXT + X3x6 + X2X6 + X4XS5 + x3xd + X2xG + X1x4 + X2x3 + XIx2 + X7 + X5 + x2 + 1
After elimination of x1, got 4 polynomia

X132X5 + x1x2x4 + XLa2X3 + XBXT + xau7 + ¥3xT + X2xT + XSx6 +

KAXSXEXT + X2XSXGXT + X2x4SKT + XIXAXSKG + X2X4XSKG + X2xINSKG + K2XIndKS + XSKGXT + XAXEXT + X2X6XT + XIXSKT + KIKAXT + XZNIX] + x4xSXG + X2XSKE + K2XAXS + X6XT + xSk + XIxT +
x2x7 + x5x6 + xAx6 + x3x6 + xéx5 + x3xB + x2xB + xT

KINNEXT + XIxANSKT + X3IxdXSxB + XSKEXT + XAX6XT + k2X5X] + XIxAXT + wIXGXE + X2xAkb + IXAXS + X2XAXS + x2x3x4 + XSxT + w2k + xAX5 + XI5 + x2x5 + x3xd + x2x3 + X7 + X6 + %5 +
X2+ 1

X2XSXEXT + X2X4XEXT + X2X3XBXT + XIXAXSKT + XZXAXSXT + X2Zx4XSX6 + X2x3XSK6 + X2x3Ix4XE + XZxIx4XS + X2XBXT + X3xSXT + X3Ix4x7 + x2xdxB + XIx4XS + x2x4X5 + X2x3x5 + x2x3xé + x4xT +
XIXT + K2XT + X3XS + X3Ixd + K2x4 + X2X3 + XT + X3 +
XAxBxT + x2x5xT + x3xdxb + xExbxb + x2x3x6 + x2xdx5 + x5xT + xdx? + x2x7 + x3In6 + xhx5 + x2x5 + x7 + x5 + x4 + x2 + 1

v
Increasing degree to max 5, General GRFY elimination of zq, 21

e Eliminating x¢ gives same 14 polynomials as over.

e Eliminating z1 gives 16 polynomials.

Re-linearization and elimination of variables in Boolean equation systems | B. Greve, H.Raddum, @.Ytrehus 10/12



S IE @15)

Re-linearization analysis of quadratic random systems with 1 unique
solution, m equations in n variables

Re-linearization and elimination of variables in Boolean equation systems | B. Greve, H.Raddum, @.Ytrehus 11/12



S IE @15)

Re-linearization analysis of quadratic random systems with 1 unique
solution, m equations in n variables

First elimination ideal, degree < 3

e Number of resultants (Z‘), of coefficient constraints m

Re-linearization and elimination of variables in Boolean equation systems | B. Greve, H.Raddum, @.Ytrehus 11/12



S IE @15)

Re-linearization analysis of quadratic random systems with 1 unique
solution, m equations in n variables

First elimination ideal, degree < 3
e Number of resultants (’;‘), of coefficient constraints m

e Number of polynomials produced of elimination: (’;’) +m

Re-linearization and elimination of variables in Boolean equation systems | B. Greve, H.Raddum, @.Ytrehus 11/12



S IE @15)

Re-linearization analysis of quadratic random systems with 1 unique
solution, m equations in n variables

First elimination ideal, degree < 3
e Number of resultants (’S), of coefficient constraints m
e Number of polynomials produced of elimination: (“21) +m

e Number of monomials of degree 3: Ef’zl((’;))

Re-linearization and elimination of variables in Boolean equation systems | B. Greve, H.Raddum, @.Ytrehus 11/12



S IE @15)

Re-linearization analysis of quadratic random systems with 1 unique
solution, m equations in n variables

First elimination ideal, degree < 3
e Number of resultants (’g), of coefficient constraints m
e Number of polynomials produced of elimination: (“21) +m
e Number of monomials of degree 3: Ef’zl((’;))

e (3)+m< Zle((f)) — no re-linearization.

Second elimination ideal, degree < 5

Re-linearization and elimination of variables in Boolean equation systems | B. Greve, H.Raddum, @.Ytrehus 11/12



S IE @15)

Re-linearization analysis of quadratic random systems with 1 unique
solution, m equations in n variables

First elimination ideal, degree < 3
e Number of resultants (’g), of coefficient constraints m
e Number of polynomials produced of elimination: (“21) +m
e Number of monomials of degree 3: Ef’zl((’:))

e (3)+m< Zle((f)) — no re-linearization.

Second elimination ideal, degree < 5

Tg);'m), of coefficient constraints (m) + m.

e Number of resultants (( 5

Re-linearization and elimination of variables in Boolean equation systems | B. Greve, H.Raddum, @.Ytrehus 11/12



Introduction previous work Generalization of Previous work Elimination techniques
000 [e]e]e)

Re-linearization analysis of quadratic random systems with 1 unique

solution, m equations in n variables

First elimination ideal, degree < 3

m

e Number of resultants (2

), of coefficient constraints m
e Number of polynomials produced of elimination: (';) +m
e Number of monomials of degree 3: Ej’:l((?))

° (T;) +m < Zf’:l((f)) — no re-linearization.

Second elimination ideal, degree < 5

7)+m

.. . -
A ), of coefficient constraints (2) + m.

(5)+m

e Number of resultants ((

e Number of polynomials produced of elimination: ( A ) + (’;) + m.

Re-linearization and elimination of variables in Boolean equation systems | B. Greve, H.Raddum, @.Ytrehus

11/12



Introduction previous work Generalization of Previous work Elimination techniques
000 000

Re-linearization analysis of quadratic random systems with 1 unique

solution, m equations in n variables

First elimination ideal, degree < 3

m

e Number of resultants (2

), of coefficient constraints m
e Number of polynomials produced of elimination: (';) +m
e Number of monomials of degree 3: Ej’:l((?))

° (T;) +m < Zf’:l((f)) — no re-linearization.

Second elimination ideal, degree < 5

7)+m

A ), of coefficient constraints (2) + m.

(5)+m

e Number of resultants ((

e Number of polynomials produced of elimination: ( A ) + (’;) + m.

e Number of monomials of degree 5: Zle(("))

K3

Re-linearization and elimination of variables in Boolean equation systems | B. Greve, H.Raddum, @.Ytrehus

11/12



Introduction previous work Generalization of Previous work Elimination techniques
000 000

Re-linearization analysis of quadratic random systems with 1 unique

solution, m equations in n variables

First elimination ideal, degree < 3

m

e Number of resultants (2

), of coefficient constraints m
e Number of polynomials produced of elimination: (';) +m
e Number of monomials of degree 3: Ej’:l((?))

° (T;) +m < Zf’:l((f)) — no re-linearization.

Second elimination ideal, degree < 5

7)+m

A ), of coefficient constraints (2) + m.

(5)+m

e Number of resultants ((

e Number of polynomials produced of elimination: ( A ) + (’;) + m.

e Number of monomials of degree 5: zle((f))
o (BLm) 4+ (5) +m> ZL(3)7

Re-linearization and elimination of variables in Boolean equation systems | B. Greve, H.Raddum, @.Ytrehus

11/12



S IE @15)

Re-linearization curve

3-5 version2.png

L L
o ET) 2000 1500 2000 2500 000 3500 000 500 5000

Re-linearization and elimination of variables in Boolean equation systems | B. Greve, H.Raddum, @.Ytrehus 12/12



S IE @15)

Re-linearization curve

3-5 version2.png

L L L
o ET) 2000 1500 2000 2500 000 3500 000 500 5000

When m = n this holds true for 1 < n <a 25 J
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